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Abstract. This paper is a contribution to the general program introduced 
by Isaacs, Malle and Navarro to prove the McKay conjecture in the repre- 
sentation theory of finite groups. We develop new methods for dealing with 
simple groups of Lie type in the defining characteristic case. Using a general 
argument based on the representation theory of connected reductive groups 
with disconnected center, we show that the inductive McKay condition holds 
if the Schur multiplier of the simple group has order 2. As a consequence, 
the simple groups Pf!2m+i{p") and PSp2m{p") are "good" for p > 2 and the 
simple groups E-j(p") are "good" for p > 3 in the sense of Isaacs, Malle and 
Navarro. We also describe the action of the diagonal and field automorphisms 
on the semisimple and the regular characters. 



1. Introduction 

Let G be a finite group, p a prime dividing the order of G and P a Sylow 
p-subgroup of G. The McKay conjecture asserts that the number |Irrp/(G')| of 
irreducible complex characters of G of degree not divisible by p coincides with the 
number | 1t:Vpi{Nq{P))\ of irreducible complex characters of the normalizer Na{P) 
of degree not divisible by p. 

In [16], Isaacs, Malle and Navarro reduced the proof of the McKay conjecture 
to a question about finite simple groups. They were able to prove that the McKay 
conjecture is true for all finite groups if every finite non-abelian simple group is 
"good" for all prime numbers p; see [HI Section 10] for a precise formulation. 

Malle has shown that all simple groups not of Lie type and all simple groups of Lie 
type with exceptional Schur multiplier are "good" for all primes p [20]. Furthermore, 
Malle [21j, [19] and Spath [23] proved important results for simple groups G of Lie 
type and primes p different from the defining characteristic. The case where G 
is a simple group of Lie type and p the defining characteristic was considered by 
several authors. It was shown in [16j that the simple groups PSL2((7), ^-82(2^""'"^), 
2G2{32"+1) and in ^ that the simple groups F ^{2'^''+^) and 31)4(2") are 
"good" for the defining characteristic. A uniform treatment of simple groups of 
Lie type with trivial Schur multiplier and cyclic outer automorphism group in the 
case of defining characteristic was obtained in [4]. In particular, the results in ^ 
include that the simple groups G2{q), Fi[q) and E%{q) are "good" for the defining 
characteristic. 

In the present paper, we consider certain simple groups of Lie type with Schur 
multiplier of order 2 in the defining characteristic case. More precisely, our main 
result is the following 
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Theorem 1.1. Let G be a simple and simply- connected algebraic group defined 
over the finite field ¥q of characteristic p > with corresponding Frobenius map 
F : G ^ G. Let Z be the center of G and let W denote its Weyl group (relative 
to an F -stable maximal torus T contained in an F -stable Borel subgroup B of G). 
Suppose that 

• the finite group X = G^ / Z(G^) is simple, 

• the group G^ is the universal cover of X , 

• the automorphism induced by F on W is trivial, 

• the prime p is good for G and 

• the center Z has order 2. 

Then the finite simple group X is "good" for the prime p. 

A crucial step in the proof of Theorem 11.11 is to show the existence of A- 
equivariant bijections between certain subsets of Irrp'(G^) and Irrp'(B^), where B 
is an F-stable Borel subgroup of and ^ is a group of outer automorphisms 
of G^ stabiHzing B^. We had to solve several problems which do not show up in 
the case where the Schur multipHer is trivial: 

First, we had to consider the action of the diagonal and field automorphisms 
of G^ on Irrp'(G^). Under the assumptions of Theorem ll.H the set Irrp/(G^) is 
the set of semisimple characters of G^, and these characters are up to signs the 
duals (with respect to Alvis-Curtis duality) of the irreducible constituents of the 
Gelfand-Graev characters of G^. When the center Z of G is connected, we can 
label the semisimple characters of G^ by the set of semisimple conjugacy classes 
of G*^ , where (G*,F*) is a pair dual to (G,F). When the center of G is not 
connected, there is a similar, but more complicated parametrization. It depends 
on some additional parameters whose choice is not canonical, and it is a priori 
a difficult problem to describe the action of the automorphisms of G^ on these 
characters with respect to this labefiing. To solve this problem (see Subsection l3.3p . 
we use the theory of Gelfand-Graev characters for connected reductive groups with 
disconnected center developed by Digne-Lehrer-Michel in [9j and [lOj . 

Second, we had to find a suitable parametrization of Irrp/(B^). When the cen- 
ter Z of G is connected, the set of orbits of T^ on the Hnear characters of the unipo- 
tent radical of B^ can be parametrized by subsets of the set of simple roots, and 
Clifford theory leads to a particularly nice parametrization of Irrp'(B^). When Z 
is not connected, Clifford theory still applies, but the parametrization becomes 
more complicated. To solve this problem, we had to introduce, as above, additional 
parameters whose choice is not canonical. 

Third, the above bijections have to be compatible with linear characters of the 
center Z^ of G''^. To prove the existence of such bijections we use counting argu- 
ments based on the norm map Npim /pi : — > 7/ , where m is some positive 
integer and F' : G ^ G a Frobenius map inducing some field automorphism of G^. 
One of the difficulties we had to face is, that, in general, the norm map is not sur- 
jective (because the center of G is not connected). 

Finally, in the situation of Theorem \\.\\ the cohomology condition occurring in 
the definition of "good" becomes non-trivial and has to be treated. In particular, 
we had to study extensions of the characters of p'-degree of G^ and B^. 

Some of our results on equivariant bijections are also true in the more general 
context where the group of diagonal automorphisms has prime order (possibly > 2) . 
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This might be helpful in proving that the remaining simple groups of Lie type are 
"good". 

We point out that we prove Theorem 11.11 using general methods (essentially the 
theory of Deligne-Lusztig and the theory of Gelfand-Graev characters for connected 
reductive groups with disconnected center) . Theorem 11.11 applies to finite simple 
groups of Lie type B„i, Cm and i?7 in the defining characteristic. So we get as 
consequence: 

Corollary 1.2. Let p be a prime and m, n positive integers. The following simple 
groups are "good" for the prime p: 

(a) Pil2m+i(p") if p> 2 and m > 2, 

(b) PSp2„(p") ifp>2andm>2, 

(c) Ejip^) ifp>3. 

Independently of this work, J. Maslowski obtains in his PhD thesis partial results 
on the inductive McKay condition for classical groups in defining characteristic. 
Note that his approach relies on the natural matrix representations of these groups 
and is completely different from ours; see j22| . 



This paper is organized as follows. In Section [21 we introduce the notation 
and general setup. In Sections [3] and [H we describe a parametrization of the sets 
of irreducible characters of p'-degree of G''^ and , respectively, and study the 
action of field and diagonal automorphisms on these sets of characters. Section [5] 
is at the heart of this paper. We prove the existence of bijections between the sets 
of irreducible characters of p'-degree of and which are equivariant with 
respect to field and diagonal automorphisms, and which are compatible with the 
central characters of Z^. In Section El we prove our main result. A large part of 
this section is devoted to the proof of the cohomology condition. 



In this section, we introduce the general setup and notation which will be used 
throughout this paper. 

2.1. Group theoretical setup. Le G be a connected reductive group defined over 
a finite field of characteristic p > with q elements and corresponding Frobenius 
map F : G ^ G. We do not assume that the center Z of G is connected. As a 
general reference for the representation theory of finite groups of Lie type with 
disconnected center, we refer to [1]. 

The algebraic group G can be embedded in a connected reductive group G 
with an F^-rational structure obtained by extending F to G, such that the center 
of G is connected and the groups G and G have the same derived subgroup (see for 
example [HI p. 139] for this construction). Let T be an _F-stable maximal torus of G 
contained in an F-stable Borel subgroup B of G and write T for the unique F-stable 
torus of G containing T. Fix an F-stable Borel subgroup B of G containing T 
and B. Write U for the unipotent radical of B and let A = {ui | i G /} be the set of 
simple roots defined by B and T, and let $ be the root system of G relative to T. 
We write for the set of positive roots defined by B. Note that U is the unipotent 
radical of B. Furthermore, $ can be identified with the root system of G relative 
to T, and A can be identified with the set of simple roots of G defined by T and B. 
Let W ~ Ng(T)/T be the Weyl group of G. So, W is isomorphic to the Weyl 
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group of G. Note that, since T and T are F-stable, F induces an automorphism 
of W. Throughout this paper, we assume that F acts trivially on W. 

For a G $, we write Xq for the unipotent subgroup of G corresponding to a. 
That is, Xq is the minimal non-trivial closed unipotent subgroup of G normalized 
by T, such that T acts on X^ by a, where a is viewed as a character of T. Recall 
that Xq, and (Fp, +) are isomorphic as algebraic groups. Fix an automorphism 
: Fp Xq for every a G Since F acts trivially on W, we can choose it in 
such a way that for every t G Fp, we have ^ Xa{t) = Xaif^)- In particular, Xq is 
F-stable. We have U = J] Xq. Put 

(1) U0= n Xq. 

Then Uq is a normal subgroup of U and the quotient Ui U/Uq is abehan. Note 
that Uq is the derived subgroup of U; see [SJ 14.17]. Moreover, there is an F- and 
T-equivariant isomorphism of algebraic varieties 

(2) Ui ^ n 

and in the following, we will identify the left and right hand side of ^ via this 
isomorphism. Note that the groups U and Uq are F-rational and 

(3) uf = n . 

2.2. Character theoretical notation. For a finite group H, we write Irr(_ff) 
for the set of complex irreducible characters of H and {■,-)h for the usual scalar 
product on the space of class functions. If ( is an irreducible character of a normal 
subgroup TV of H, we define Irr(7J|C) := {x e Itt{H) \ (Res^(x),C)w 7^ 0}. Note 
that, if TV is central in H, then x G Irr(i?|C) if and only if Res^(x) is a multiple 
ofC 

Furthermore, let Irrp'(i?) be the set of all x ^ Irr(_ff) such that x(l) is not 
divisible by p, and similarly, Irrp'(i?|C) the set of all x G Irr(iJ|(^) such that x(l) is 
not divisible by p. 

2.3. Semisimple and regular characters. Let (G*, i^*) be a pair dual to (G, F) 
and let {G* , F*) be a pair dual to {G,F) in the sense of [H Section 4.3]. The 
natural embedding i : G ^ G induces a surjective homomorphism i* : G* G* 
commuting with F* , which induces a surjective homomorphism i* : G*^ G*^ , 
see [H 2.D, 2.F]. Let T* be an i^*-stable maximal torus of G* in duality with T. 
Note that there is a natural anti-isomorphism between W and the Weyl group of 
G* relative to T*, and we will identify the sets of elements of these two Weyl groups 
via this anti-isomorphism. For w G W, we write T^, for a i^-stable maximal torus of 
G obtained from T by twisting with w. Write for an maximal torus in duality 
with Tiu. Recall that, for w G W, there is an isomorphism T^^ —> Irr(T^). 

For s G Tlf , we can define the corresponding Deligne-Lusztig character {^) 
as follows. Using the above isomorphism, we associate to s G T'!^ the Hnear 
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character 6s G Irr(T^) and put i?T„(«) = ^T^i^^)^ where i?T„(^s) is the Dehgne- 
Lusztig character corresponding to 6s G Irr(T^). For more details on the con- 
struction and properties of DeHgne-Lusztig characters, we refer to (Tj Section 7] 

or laj. 

For a semisimple element s G G*-'^ , let W°{s) C be the Weyl group of Cq. (s). 
We define 

(4) Ps 

(5) Xs 
where e is the sign character of W and sg = 

Here rkF,(G) is the 

Fg-rank of G; see ^Si 8.3]. Note that Xs and ps only depend on the semisimple class 
of s in G*^ and that the class functions ps and Xs are multipHcity free characters 
of G^, see [U 15.11]. Moreover, if s denotes a semisimple element of G^ such that 
i*{s) = s, then we have 

Xs = R.esgj=.(x?) and ps = Res^pips)- 

The irreducible constituents of ps and Xs are the so-called semisimple and the 
regular characters of G''^, respectively. 

To obtain a better understanding of these characters, we now describe the 
Gelfand-Graev characters of G''^. Fix (f>o £ Irr(Uf ) such that 0o|x^ is non-trivial 
for all a G A. The corresponding linear character of U^, obtained by inflation and 
also denoted by 0o in the following, is called regular. As explained in |H1 14.28], 
the set of T^-orbits of regular characters of U''^ is in bijection with H^{F,Z) as 
follows. For z e H^iF, Z), we choose eT such that t~^F{tz) G z. Then the reg- 
ular character (j)z = *-0o of is a representative for the corresponding T^-orbit. 
For z G H^(F, Z), we deflne the corresponding Gelfand-Graev character of G^ by 

Tz = InduF (0z). 

Thanks to [8j 14.49], the constituents of (for any z G H^{F, Z)) are the regular 
characters of G''^. More precisely, for every z G H^{F, Z), the multiplicity free char- 
acters Xs and have exactly one irreducible constituent in common, denoted by 
Xs,z, such that 

= ^ Xs.z, 

ses 

where 5 is a set of representatives for the semisimple conjugacy classes of G*^ ; see 
dl 14.49]. Let Dg be the Alvis-Curtis duality functor % 8.8], deflned for 3 G G^ 
and X G Zlrr(G^) by 

(6) Dg{x){9) = E (~1)'''''^^L o*R^ix){9), 

PDB 

where the summation is over the set of i^-stable parabolic subgroups of G containing 
B and where L is an F-stable Levi complement of P, r(P) is the semisimple ¥q- 
rank of P, denotes the Harish-Chandra induction and the Harish-Chandra 
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restriction (i.e., the adjoint functor of R^); see ^ 4.6]. For every semisimple 
element s G G*-^ and z e H^{F, Z), define 

Ps,z = eGec^.(s)-DG(Xs,z). 

Note that the characters ps,z are the semisimple characters of G'^ and {ps,z \ z G 
H^{F, Z)} is the set of constituents of ps- Moreover, we have 

ses 

Let T be the maximal F-stable torus of G containing T. Then the group 
acts on G''^ by conjugation. Note that the induced outer automorphisms of G^ 
obtained in this way are the diagonal automorphisms of G''^. The group generated 
by the diagonal automorphisms of G^ will be denoted by D in the following. Write 
G^(s) for the inertia subgroup of Ps,i in G^ and Ac* (s) :— Co* (s)/ Cg* (s)°. Then 
^qP /qF(^s)\ = \Ag*(s)^ I, see [1] 11. E, 15.13]. In particular, the character ps has 
I^G* (s)^ I irreducible constituents and they form a sing le T^-orbit. 



2.4. The norm map. Let H be an abelian algebraic group defined over ¥q with 
corresponding Frobenius map F' . For any positive integer m we define 

(7) Nf,^/f, : H^"" H^', h ^ hF'{h) ■ ■■F'"'-\h). 

For a class function 61 of H^', we set TV*, (61) := OoNp,,^ /p, . So, for Glrr(H^'), 
the map Np,^^p,{6) is an i^'-stable irreducible character of . 

Lemma 2.1. If Npim/pi is surjective, then 

Irrf^,(H^"") = {N*p,„./p,{e) \ 6 e Irr(H^')}, 

where IrrF'(H^ ) is the set of F' -stable linear characters ofH^ . Moreover, for 
all generalized characters 0, 6' £ ZIrr(H^ ), one has 

{N*p,^fp,{e),N*p,^/p,{e'))^,,^ = {0,0')^.-. 

Proof By \15\ 6.32], one has | IrrF'(H^"")| = |H^'| and, if Npi^jp, is surjective, 
then the map Np,^^p, : Irr(H^ ) — > Irr(H^ ), t-^ o Np>,7^/p, is injective. Since 
N*p,^,p,{0) e Irri.,(H^'"), the first equality follows. Now, let 0, 0' £ ZIrr(H^'). 
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Then 

(iv;,™/^,(0),iv;„„/^,(0'))H-' 



This yields the claim. 

Note that if H is connected, then Npi^ jp, is surjective. Indeed, if ?/ G , 
then the Lang-Steinberg theorem implies that there is x e H with y = x^^F""(a;). 
Then the element x~^F'(x) lies in and 7V^/,„ ipi{x~^F' (xf) — y. 

2.5. Semisimple characters and central characters. As in Subsection 12. ![ 
let G be a connected reductive group defined over (with Frobenius map F) 
and let (G*,F*) be a pair dual to {G,F) as above. Note that for every positive 
integer m, the map F™ is a Frobenius map on G defining a rational structure 
over Fq™, and (G*, F*™) is in duality with (G, F"^). Moreover, if s is an F*-stable 
semisimple element of G* contained in an i^*-stable maximal torus T* of G* and 
if (T, 61) is a pair in duality with (T*,s), then (T, iV|,„yj,(0)) is in duality with 
(T*, s) with respect to the Frobenius map F™. 

Lemma 2.2. Fix a positive integer m and let s E G*^ be a semisimple ele- 
ment contained in the F* -stable maximal torus T*. Let ps (resp. p^T^) be the 
corresponding sum of semisimple irreducible characters of (resp. of G^ ). If 
Npmjp : 7/ — > is surjective, then one has 

Resf;r(pi™l) = p['"l(l).7V;„/^(^.), 

where v is a linear character of 7/ such that Res^-F (ps) = PsiX) ' ^• 

Proof. We use the notation from Subsections l2.3l and l2.4l By the construction of G, 
we have Z = Z{G) C Z{G) and so Z^" C Z(G)^" = ^(G^"), see also [I, 6.2]. 
Thus, there is some G Irr(Z^ ) such that 

Res?;: = Rest;: (pP) = p^a) ■ . = p^rKi) ■ 

where s'in an F*-stable element of G satisfying i*(s) = s. For w £ W°{s), let 6*1™' 
be the linear character of associated with s. Thanks to [li 9.D], we have 

Res^£(^['"l) = i.. 



— i- eoNp,..,p,{h)e'oNp,..,p,{h) 
hen""^ 

E \NpL,p,{kmk)em 
i E 

feeH^" 

□ 
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Furthermore, s is F*-stable. Thus, Os is F-stable (see the proof of 01 1-1]), 
implying ly is -F-stable. Since Npra/p -.7/ -^7/ is surjective. Lemma [2?T] impUes 
there is a Hnear character of 7/ satisfying Np^^p{i/o) = u. Write 9s for the 
Unear character of associated with s. By the remarks preceding Lemma [221 we 



have N*p^ip{ 
It follows 



,) = eT- Let zo G Z^. Then there is z e Z^" with Npm/p{z) 



iyo{zo) = iyooNpm/p{z) 
= Res5"(^i'"')(2) 



= Os(zo)- 

In particular, we have Res^F (^s) — vo and fp, 9.D] impHes 



as required. 



□ 



2.6. Central products. We recall some general facts about characters of central 
products. If iV is a normal subgroup of a finite group G, then we can associate to 
every G- invariant irreducible character x of an element [xIg/at of the cohomology 
group i/2(G/A^,C^) oiG/N- see ^15, 11.7] for more details. If G = is a central 
product with Z = H Ci K and v a Hnear character of Z, then for xh G Irr(iJ|z/) 
and xk G Irr(i^|i^), one defines 



(8) 



iXH . XK){hk) = XH{h)xK(k) 



for all /i e and k & K. Note that xh • Xk is a well-defined irreducible character 
of HK and every irreducible character of HK has this form; see 5.1]. 



3. Action of automorphisms on semisimple characters of finite 

reductive groups 

Let F' : G ^ G be a Frobenius map of G commuting with F such that T and B 
are i^'-stable. In particular, for a G $, i^'(Xa) is a non-trivial minimal closed 
unipotent subgroup of G normalized by T. Write F'{a) € $ for the corresponding 
root. Moreover, we suppose that for every a G <&, there is a non-negative integer 
TO > such that for all i G Fp we have F'{xa{t)) — xp>(^a){t^ )• Note that U and Ui 
are i^'-stable (because F and F' commute), so i^'(<i>+) = $+ and F'{A) = A. 

In this section, we study the action of F' on Irrp'(G^). In a first step, we show 
that Irrp'(G-'^) is exactly the set of semisimple irreducible characters of G''^. Then, 
we determine the action of F' on these semisimple characters. As an intermediate 
result, we obtain the action of F' on the set of regular irreducible characters of G^. 

3.1. F'-stable linear characters of Uf . We assume the setup from Section [21 
For J C A, let wj be the set of characters of Ui of the form HaG./ where 0a is 
a non-trivial irreducible character of X^. 
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Lemma 3.1. Let J be an F' -stable subset of A. Then toj contains an F' -stable 
character. 

Proof. Let A be the set of F'-orbits on J. For A G A, fix q;a G A and write r\ for 
a non-negative integer such that F'^^{a\) = a\. Then F'^^ is an automorphism 
of X^^ (because F and F' commute). Since F""^ (xa;^ (1)) = Xa^{l), it follows 
from [151 Theorem (6.32)] that X^^ has an F'-stable character. Fix such a character 
(j>\ S Irr(X^^). For < i < — 1, the map F'* : X^^ X]?^,;^^^^ is a group 
isomorphism, and hence induces a natural bijection Irr(X^^) Irr(Xj|^,ij.^^j). We 
write ^ 4>^ for the image of under this bijection. Therefore, the character 

0=n n'''^- 

AeA 1=0 

is in to J and is F'-stable. □ 

Remark 3.2. Note that Lemma WTl] is also true for a non-split Frobenius F. 

3.2. Action on the semisimple and regular characters. In this subsection, 
we study the action of F' on the set of semisimple and the set of regular irreducible 
characters of G'^ . 

In the following, we say that the prime p is nonsingular if 

• if p = 2, then G has no simple component of type Bn, C„, F4 or 6*2. 

• if p = 3, then G has no simple component of type G2. 

Lemma 3.3. We keep the notation of Subsection \2.l\ If p is a nonsingular prime 
for G, then the set of irreducible p' -characters of is the set of semisimple 
irreducible characters of G^ . 

Proof. Let (G, F) be as above. Note that p is a nonsingular prime for G if and 
only if p is a nonsingular prime for G. In particular, the simple components of 
G^ are not one of the groups S„(2), G2(2), 62(3), ^4(2), 2^2(2), ^02(3), ^^4(2). 
Moreover, Since the center of G is connected, the proof of [H Lemma 5] also holds 
for G^, and so 

lTip,{G^)^{p^\seS}, 

where 5 is a set of representatives for the semisimple classes of G*^ . In particular, 
the semisimple characters of G^, which are the constituents of the restriction of p-g, 
are p'-characters of G^. 

Conversely, let x be a non semisimple irreducible character of G^, that is p 
divides x(l), and let 7 be an irreducible constituent of ResQF(x). By [HI 11.29], 
we have x(l) = ^ ■ 7(1) where m is an integer dividing |G^/G^|. Since |G^/G^| 
is not divisible by p, it follows that 7(1) is a multiple of p. Thus 

Irrp,(G^) = {p,,, \seS,ze H\F, Z)}. 

□ 

Remark 3.4. Note that, in Lemma W^ we do not need to suppose that p is a good 
prime for G. Moreover, if G is simple and p is singular for G (the prime p is 
said singular for G if it is not nonsingular) , then the p' -characters of G^ are well- 
known, see for example [4, Remark 2]. In particular, the groups Bm(2) are treated 
in [5]. 
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Let 5 be a set of representatives for the semisimple classes of G*-'^ . Since F' 
stabilizes uja , Lemma 13.11 implies that there is an F'-stable character in uja ■ We 
fix such a character (po € wa and use it for the construction of the Gelfand-Graev 
characters as described in Subsection 12.31 

Lemma 3.5. For w G W , let denote the F-stable maximal torus of G obtained 
from T by twisting with w. Then for all semisimple elements s of and w G W, 
one has 

F'{R^Js))^R^^,^^^ {F'*-\s)). 
Proof. In the proof of [31, Proposition 1], it is shown that 

Since F and F' commute, the maximal torus F'{Tw) is F-stable. We claim that 
F'{Tw) is obtained from T by twisting with F'{w). There is x G G such that 

(9) x^^F{x)^n^ and T^^^xTx^^, 

where e Ng(T) and n^T — w. Let npi(^yj) :— F'{n^). Since T is F'-stable, 
n-F'iw) G ^g(T) and n^/(^)T = F'{w) and equation ^ implies 

F'{T^)^F'ix)TF'{x)-\ 

and 

F'ix)-^FiF'{x)) = F'{x-'Fix)) = F'K,) = nF'i^u)■ 
This yields the claim. □ 

Theorem 3.6. We make the same assumptions as in Lemma [3~E[ Additionally, we 
suppose that F' acts trivially on the root system <i>. Let U be the unipotent radical 
ofB. For all s ^ S and z G H^{F, Z), one has 

F'iPs.z) = Pf"-^(s),f'(z) and F' {xs,z) = Xf^*-^{s),f^{z)- 

Proof. For s £ S, let As be the set of constituents of Xs- For z e H^{F, Z), write 
Az for the set of constituents of . We have 

Let (j)z be a regular Hnear character of such that F^ = IndyF {(f>z)- Since F and 
F' commute, we have F'(U^) = U^. It follows 

F'(F,) =Indg;(F'(0,)). 

Let e T such that t'^^F{tz) G z. Then, for u G U^, one has 

F'{<l,z){u) = Mt-z^F'-\u)tz) 

= UF'-\F\tz)-'uF'{tz))) 

because F'(0o) = (Ao- Furthermore, 

F'{tzr^F{F'{tz)) = F'{t~'F{tz)) G F'{z). 
Thus, ^'(*-Vo = *^'<^'0o and 

(10) F'(r,)=r^,(,). 
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Now, Lemma [3?5l implies 

Since (T;^,(^))* = T*f,.-^^) (see [71 4.3.2]), it follows 

(11) F'ix.)^XF"^Hs)- 
Relations (flO)) and (fTTj) say that 

F'(^) - and F'{A,)^Ap,^,y 

Therefore 



{F'(xs,.)} - ^^'({x.,.}) = F'(^nA,) 

= F'{A,) n F'(A,) - n Ap,(^s) 

= {X_F'--i(s),_F'(z)}. 

Thus 

(12) F'{Xs,z) = Xi=^'*-i(s),_F'(z)- 

Since F' acts trivially on the set of roots, F' stabilizes every F-stable parabolic 
subgroup P containing B and every i^-stable Levi complement of P. Because F 
and F' commute, F' also stabiHzes P^ and L^. Hence, we have F'{R^{<j))) — 
R^iF'W) for every (/) e Irr(L^). To prove that F'(*i?^f(x)) = *R^iF'ix)) for 
every x G Irr(G-'^) it is sufficient to show that we have { F' {* (x)) , F' (ijj) )lf = 
{*R^iF'{x)),F'{ip))i^F for every ?/' G Irr(L^). We have 

{F'CR^ix)),F'ii;))^. = (*i?^(x),V^)L- 

= {F'{x),F'{R^{^))c,. 
= {F'{x),R^iF'm)a. 
= rR^{F'{x)),F\i;))^.. 

Using the definition of the duality functor Dg in we deduce that F'{Dg{x)) = 
F>g{F'{x))- Applying Dg to equation (fT2l) . we get 

F'{ps,z) = PF'*-1(s),F'(z)- 

This yields the claim. □ 

3.3. Automorphisms and Jordan decomposition. In this subsection, we con- 
sider how the action of a Frobenius map F' commuting with F on the set of regular 
characters and the set of semisimple characters behaves with respect to the Jordan 
decomposition of characters. 

For every semisimple s G G*^ , let £{G^ ,s) C Irr(G^) be the corresponding 
Lusztig series. Note that the Lusztig series give rise to a partition of Irr(G^); see [U 
11.2]. Moreover, For every semisimple element s G G*^ , there is a bijection 

V-s :f(C(s)^*,l)->f(G^,s), 
where C(s) — Cg*(s); see [8, 13.23]. When the centralizer C(s) is not con- 
nected, the set £{C{s)^ , 1) is defined as the set of constituents of Ind'^I|'*|„p. ((/>) 
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where runs through £{C{s)°^ , 1). Note that the trivial character lc{s)° and the 
Steinberg character Stc(s)o of C{s)°^ (we identify these two characters when C(s) 
is a torus) extend to C(s)^ . So, |15l 6.17] impHes that the extensions of these char- 
acters are labelled by the irreducible characters of C{s)^ /C{s)°^ ~ Ag'{s)^ . 
For e G Ij:t{Ag'{s)^ ), let 1^ and Ste be the corresponding extension of lc(s)° and 
Stc(s)°, respectively. Put Bg = {le, Ste | e G Irr(ylG'(s)^ }. 

Now, we will deduce from Theorem 13.61 that can be chosen such that tpsle^ 
is compatible with the action of a Frobenius map F' : G ^ G commuting with F. 
This can be obtained as follows. Let z : G G be the embedding as above. Put 
ker'(i*) = ker(i*) n [G*, G*] and let -Z(G) be the component group of the center Z 
of G. Recall that there is an isomorphism ui : .Z(G) Irr(ker'(i*)) which induces 
an isomorphism ci)'^ : H^{F,Z) Irr(ker'(i*)^ ); see [1, (4.11)]. Moreover, for 
every semisimple s G G*^ , we define an injective homomorphism 

(13) : Ag'{s) ^ker'ii*), g ^^gJg-^J-\ 

where g and s^are elements of G such that i*(g) — g and i*{s) = s. This morphism 
induces a surjective morphism (fs : Irr(ker'(i*)) —^ Irr(AG*(s)). Note that (ps in- 
duces a surjective morphism from Irr(ker'(i*)^ ) to Irr(AG* (s)^ ). Composing this 
last morphism with a)", we obtain a surjective map cj" : H^{F, Z) — + Irr(ylG* (s)^ ); 
see [U 8. A] for more details. The Frobenius map F' induces an automorphism on 
H^{F, Z), because F and F' commute. Moreover, F'* induces an isomorphism from 
Ag* {F'*~^{s)) to ^G* (s). Thus, by dualizing, we obtain the following isomorphism 

F'* :Irr(AG-(s)) ^Irr (Ag* (F'*-i(s))) , cf) cj) o F'* . 

Now, consider the diagram: 

(14) H^{F,Z) -Irr(AG.(s)^*) 



F' 



H\F,Z) "-^^ ^I^v{Ag>{F'*-\s)Y') 

Fix z G i/i(F, Z) and g G Ag-{F'*-^{s)Y' . Equation ^ implies 

Ps{F'*{g))^F'* {ipF,.-^^,,■^{g)) . 

Then one has 

F'*{ul{z)){g) = ^°(z)(F'*(5)) 

= u^\z)o^,{F'*{g)) 
= ^°(z)(F'*(^^,.-.(,)(.g))) 
= c.°(F'*(^^.-.(,)(5)))(z) 
= c^°(^^.-.(,)(.9))(F'(z)) 

Here, w° is defined as in [H 4.11], and the last equality comes from [H 4.10]. It 
follows that 

F'* {C."M)^^l"-Hs) {F'{z)). 
Hence, diagram (fT4|) is commutative. Now, we define V's on Bs by setting 

■^s{lcoO{z)) = Ps,z and V's(StiO(^)) = Xs,z- 
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Note that, by pQ 11.13], we have ps,z = Ps,z' (resp. Xs,z = Xs,z') if and only if 
z'z~^ £ ker(a)°). Thus iPs\b^, is well-defined. Put 

4- : IJSs -> Irr(G^), l^o(^) i-^ ps^z, St^oi^^) ^ Xs,z, 

s 

where s runs through a set of representatives for the geometric conjugacy classes of 
semisimple elements of G*^ . The commutativity of diagram (fT4|) and Theorem l3.6l 
imply that ^' is i^'-equivariant, as required. 

4. Characters of Borel subgroups 

We continue to use the setup from Section [2l Additionally, we assume that G 
is simple and that G^ is not one of the groups i3,„(2), C,„(2), 6*2(2), 6*2(3), ^4(2). 
Let F' : G ^ G be a Frobenius map of G commuting with F such that T and B 
are F'-stable as in Section [31 In this section, we consider the action of and 
the Frobenius morphism F' on the set of irreducible p'-characters of the Borel 
subgroup B^. 

4.1. p'-characters of the Borel subgroup and automorphisms. Let Uq be 

the subgroup defined in equation ^ and Ui = U/Uq, see also equation Set 

Bo = Ui xi T. 

The group Bq is an algebraic group with a rational structure over given by the 
Frobenius map F. Since G^ is not one of the groups listed at the beginning of this 
section, |17[ Lemma 7] implies that is the derived subgroup of U^, so the sets 
Irrp' (B^) and Irr(B^) are ^-equivalent, where A denotes the set of automorphisms 
of B^ leaving Uf and invariant. 

Let Q and be the sets of T^'^-orbits and T^-orbits on Irr(Uf ), respectively. 
For J = {aji , , . . . , aj, } C A, set 

U.7 := {xa.^{ui)xaj^{u2)---Xaj^{ui)\ui,...,ui£¥q} and 

Let Irr*(Uj ) be the set of all x G Irr(Uj ) such that Res-j^-p (x) is non trivial for all 
a € J. By extending every cj) £ Irr(Uj) trivially, we can identify Irr*(Uj) with a 
subset of Irr(Uf ) in a natural way. With this identification, we have 

(15) Irr(Uf ) = □ Irr*(U5), 

JCA 

and each Irr*(Uj) is invariant under the action of T^, and F. In the proof 
of [3l 5.1] it is shown that the irreducible characters of B^ (or equivalently, the 
p'-characters of B^) can be labelled as follows. We can parametrize the elements 
of fl by the subsets of A. More precisely, for J C A, the corresponding T^-orbit 
is Irr*(Uj). Fix (pj G Irr*(Uj) and choose tj S such that the characters 
0jj = *^(j>j form a set of representatives for the T^-orbits of Irr*(Uj), where we 
choose ti — 1. Then the T-'^-orbit of (t>jj will be denoted by ojjj. Since ojjj 
and ujj^i are conjugate by an element of T^, the size does not depend on j. 
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Furthermore 

(16) Irr*(U5) = □ Luj^, where i(J) = | Irr*(Uj)|/|c^xi|. 

Remark 4.1. A^oie i/iai «/ Lj denotes the standard Levi subgroup corresponding 
to J, the proof of [HI 5.2] shows that there is an element tzj £ T for some Zj € 
H^{F, ZCLj)) satisfying t^^F{tzj) G Zj and 

(17) 0j <^j. 

Let /^j J = X Cxi" {(f'J.j) be the inertia subgroup of (t>jj in B^. Note that (t>jj 
extends to J^^^. by setting, for u e U''^ and t G Cxf((/'Jj), 

(18) 4>J,jiut) = (l)j,,{u). 

Thus, the irreducible characters of Irr(B^) are the characters Ind^° i4'J,j ^ V') for 

J and j as above and ?A G Irr(CTJ=' (0jj)). 

We now will describe more precisely the group Cx*- (</>,/ j- ) ■ As usual, we write 
(X(T), Y{T), $, $^) for the root datum corresponding to (G, T) in the sense of |[8l 
Theorem 3.17]. In particular, ^(T) is the character group and Y{T) the cochar- 
acter group of T. Choose Z-bases b = {bi, . . . , br} and b' = {b[, . . . , b'^} of ^(T) 
and Y(T) respectively, such that b and b' are dual to each other with respect to the 
natural pairing, see [71 Section 1.9]. By [71 Proposition 3.1.2], we have T ~ Y^z^q 
as abelian groups. Every element of F^^F^ can be written uniquely as K'S^^i 

with ti G and we write {ti,t2, ■ ■ ■ , tr) for the corresponding element of T. Note 
that |6| = |5'| — |A| because G is simple. 

Since $ C -^(T), we can write every element of $ as a Z- linear combination of b 
and can define a matrix A = (aij) G Z^^^ as follows: Let the ith row of A consist 
of the coefficients of the simple root at written as a linear combination of b. For a 
simple root G A, the action of a torus element t = {ti,t2, ■■■ ,tr) € T on X^- is 
given by 

(19) *x„.(u) =xa. n^r 

Fix J = {ajj , , . . . , aj, } C A as above. For x G U}, we have 

(20) Tj ;= Stabx(a:) = < ^ e T | t'"/'"' = 1 for A: = 1, . 

In particular, the stabilizers in T of all x G U} coincide. Note that the stabilizer 
Tj is an i^-stable diagonalizable group. According to [241 13.2.5(1)], T} is a split 
subtorus of T and Tj — Tj x Hj, where Hj is a finite group isomorphic to the 



torsion group of X(T.j). Note that T} and Hj are i^-stable and = T°/ x 



Lemma 4.2. With the above notation, for J C A, the group Tj is the centralizer 
in of all irreducible characters in Irr*(Uj). Write <j>jj for the character of 
Irr*(Uj) in the -orbit ujjj constructed from (f>j as in equation |i7)) . and leti{J) 
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be as in equation ^6]) . Set 

where 4>j_j is the extension of (pjj defined in equation (03) ■ Then, one has 
Irr(B^) = {xj,j,^ I J C A, 1 < J < j(J), g Irr(Tf )} . 

Proof. This is just Clifford theory. □ 

Remark 4.3. Note that Tj is the center of the Levi subgroup Lj. In particular, 
one has Hj ~ Z{Lj), where Z{Lj) ^ Z(L,/)/Z(Lj)°. 

Remark 4.4. We will make some choices in the labelling of the irreducible char- 
acters o/Bg" given in Lemma \4^ In the following , if J C A is F' -stable (implying 
that F' acts on Irr*(Uj)^, the character o/Irr*(Uj) used for the parametriza- 
tion ofujjj in Lemma\4^will be chosen F' -stable, which is possible by Lemma{37M 

Lemma 4.5. For J C A, i/) G Irr(Tj) and i = i{J) as in equation fTfi]) . the set 

Dj.4:.i := {XJ,].i> e Irr(B^) | 1 < j < i} 

is a -orbit o/ Irr(B^) of size i and all -orbits o/ Irr(B^) of size i arise in 
this way. 

Proof. Fix t G T-^ and let j be the integer such that *(j>j and are T-'^-conjugate. 
Note that x is T^-invariant, implying that for V e Irr(T5') 

Furthermore, *0j = *0j and Tj is the inertia subgroup of *0J in (because Tj 
is the inertia subgroup of any character of Uj). Moreover, Tj and T-'^ commute, 
so = "0 and then 

Conversely, *^XJ,i,ip — X.J,j,i' and the result follows. □ 

The following lemma describes the action of the Frobenius morphism F' on the 
set of T^-orbits on Irr(B^). 

Lemma 4.6. We assume that the convention of Remark \4.4\ holds. Let F' : G ^ G 
be a Frobenius map commuting with F such that T and B are F' -stable. For an 
F' -stable J C A, an integer i ~ i{J) as in equation [16}) and tp G Irr(Tj ), one has 

F'{Dj,i!,i) — D.j,F'(4>),i- 
More precisely, for every 1 < j < i, we have 

F'{xJ,3.i>) = XJ,j',F'i4,), 
where j' is such that Zj> = F'{zj) for zj G H^{F' , Z(Lj)) as in Remark \4-1\ 
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Proof. Note first that F' permutes the T^-orbits of Irr(B^) because F'(T^) = T^. 
Let XJ,j,i> G ^J,iP,i- Then F' acts on Irr(Uj) and fixes 0j (see Remark |44|) . In 
particular, Tj is i^'-stable. Let t^^ G T be such that (t>jj = <f),j and Zj £ 
H^{F, Z(Lj)). Since (fij is i^'-stable, one has 

where j' is such that F'{zj) — Zji. It follows 

F'{xj,j,4,) = InduFTj- (i'Jj' ® F'iiP)j = Xj.j' ,F'ii,), 
because F'{(j)jj) — (pjjr The result follows. □ 
4.2. Characters of the Borel subgroup and central characters. 
Lemma 4.7. Let v G Irr(Z(G^)) and write d := \Z{G^)\. Then 

|Irr,,(B^|i.)| = i|Irr,,(B^)|. 
Proof. Write Z := Z{G). With this notation, we have 

Irrp,(B^|i.) = {x G Irrp,(B^) | Resi;(x) = x(l) • ^} 

and Irrp'(B^) = LJt,gjrr(zf') Irr^/ (B^|:/). Let v' G Irr(Z^). We can extend v, v' to 
linear characters of B''^ and denote these extensions also by v and v\ respectively. 
The map \xYyi{^^\v) Irrp/ (B-^|:/'), % i-^ x ' ^ ' is a bijection, where T/ is 
the complex-conjugate of ly. So, |Irrp/(B^)| = {Z^l ■ | Irrp/(B-'^|i/)| and the claim 
follows. □ 

Lemma 4.8. Let J be a subset of A, ip G Irr(Tj) and XJ,j,ip G Irr(B^) as 
Lemma \4^ For v G Irr(Z^), one has 

Ind^° (z.) )b^^ ^ ^ ( Res^^ {^), v ^ 0. 

Proof. By the definition of induced characters (5-1)], we have 

and the claim follows from Frobenius reciprocity. □ 

5. Equivariant bijections 

We use the notation and setup from the previous sections. In particular, we 
have an embedding z : G — > G where G is a connected reductive group defined 
over Fq with connected center and Frobenius map i^, such that ?(G) is the derived 
subgroup of G. Let T be the F-stable maximal torus of G containing T and 
B a Borel subgroup of G containing T and B. The quotient T^/T^ = T'^ acts 
on G^. Let D be the subgroup of Out(G''^) induced by this action. We will assume 
throughout this whole section that the following hypothesis is satisfied. 

Hypothesis 5.1. Let G be as above. Assume that 

• The algebraic group G is simple. 

• The prime p is nonsingular for G. 

• The automorphism induced by F on W is trivial. 

• The order d := \D\ is a prime number. 
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Remark 5.2. Note that if Hypothesis \5.1\ holds, then dj^p. 

In this section, we are going to construct bijections between the sets Irrp/(G^|j') 
and lirp'CB^li^) for fixed i' £ Irr(Z^), which are compatible with the action of 
certain groups of automorphisms. 

Recall that G is generated by the elements Xa{t) where a G $ and t G ¥p 
(because G is simple). Moreover, since F acts trivially on W, we can choose Xa 
such that 

F{xa{t)) = Xaif^) for all a G $ and t e Fp. 
We then define a bijective algebraic group homomorphism Fq : G ^ G satisfying 
Fo{xa{t)) = Xa{tP) for all a G <& and t G Fp. Note that the map Fq defines an 
Fp-rational structure on G. Moreover, if q = p" for a positive integer n, then 

5.1. Automorphisms of G^. Since Fq and F commute, we have Fo(G^) = G-'^. 
Thus, Fq induces an automorphism of G^, also denoted by Fq in the following. We 
set -ftT = (Fq) C Out(G-'^). Note that the finite group K has order n and is the 
group of field automorphisms of G^, see [6l 12.2]. 

We write A C Out(G^) for the subgroup of Out(G^) generated by K and D. 
Note that, by construction, the groups T-'^, T^, B-'^, B-*^, U^, Uf are X-stable, 
D-stable and then A-stable. The group A acts on Irrp/(G^) and Irrp'(B^). For 
every subgroup H C Out(G^), we denote by Oh and the set of i/-orbits on 
Irrp/(G^) and Irrp/(B^), respectively. 

In this whole Section [H let i' denote a linear character of and let A^, be the 
subgroup of A fixing i'. Note that D acts trivially on Z^. Then 

(21) A^=DyiK^, 

where if ^ is the subgroup of field automorphisms fixing v. Then the g roup Ai^ acts 
on Irrp'(G-'^li^) and Irrp'(B^|:/). For every subgroup H of A^, let Oh,^ and ^ 
be the set of i/-orbits on Irrp/(G^|z^) and Irrp/(B^|:/), respectively. 

Lemma 5.3. The group K acts on the sets Od and O'jj. And the group acts 
on the sets Od.u and O'^ ^. 

Proof. The first statement follows from D < A, see [HI 2.5.14]. The second state- 
ment is then clear. □ 

5.2. A Z3-equivariant bijection respecting central characters. The following 
lemma describes a sufficient condition for the existence of a D-equivariant bijection 
between Irrp'(G^|i') and Irrp'(B^|^). In the subsequent remark we then show that 
this condition is satisfied if the relative McKay conjecture is true for G^ and G^ 
at the prime p. 



Lemma 5.4. Suppose that Hypothesis \ 5. 1\ is satisfied and assume that 

|Irrp.(G^|i/)| = |Irrp,(B^|iy)| and | Irrp,(G^|i^)| = \lrip,{B^\i^)\. 

Then there is a D-equivariant bijection between Irrp/(G^|i^) and Irrp/(B^|j/). 

Proof. Fix ly G Irr(Z^). Since \D\ = d is prime, the D-orbits on Irrp/(G^|i^) and 
Irrp/(B^|j/) have size 1 or d. For i G {l,(i}, let Ni{v) (resp. Nl(y)) be the set of 
ZJ-orbits on Irrp'(G^|r^) (resp. Irrp/(B^|j/)) of size i. Hence, we have 

|Irrp,(G^|:.)l = \N^{v)\+d\Na{v)\ and | Irrp,(B^|z.)| = \N[{v)\ + d\N'^{v)\. 
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Let uj e Od,u- Then there is a semisimple element s of G*-'^ , such that w is the set 
of the constituents of ps. Let s be a semisimple element of G*''^ satisfying i*{s) = s. 
Then ps G lT:Ypi{G^\v) and every s' restricting to Ps also Hes in lirpi{G^\v). Let 
X S w be an irreducible constituent of ps . Since T'^ is abelian of order q — 1 and ps 
is multiplicity free, Clifford theory Problem (6.2)] implies 

|Irr(G^|p,)| - '^"^ 



Similarly, the results in Section [4] on the action of and on Irr(Uf ) 
imply that, for every uj G O'j^ ^, there are exactly {q — l)/|w| irreducible characters 

X G Irrp'(B|z/) such that uj is the set of constituents of ResBF(x)- So, 
|Irrp,(G^|i/)| (g_i)|iV^(j.)| + i_l|Ar^(j.)| and 

|Irr,,(B^|^.)| = (5_l)|Ar^(^)| + i_i|7V^(^)|. 

By assumption, \liVp,{G^\v)\ ^ | Irrp- (B^ 1 1^) | and \ lTVp,{G^\v)\ = \ liVp,{^^\v)\. 
So, we can deduce that 

(|iViM|-KM|) + d(|iV,H|-|Ar^H|) = 0, 
d{\N^{v)\~\N[{v)\) + {\NM\-\m^)\) = 0. 

We can conclude \Ni{v)\ = \N[{v)\ and \Nd{v)\ = \N'j^{v)\. Thus, there is a D- 
equivariant bijection between Irrp/(G^|j') and Irrp/(B^|z^) which can be described 
as follows: First, for i G we choose any bijection fi : Ni{v) ^[{v). For 

UJ S Ni{v), we choose any x^^ £ uj and any j/^^ S fi{uj). We set D ~ (S). We define 
/:Irrp.(G^|i.)^Irrp,(B^|;.) by 

f{S{x^)) = 5{y^) for u G Od,u- 

So, by construction, the map / is a D-equivariant bijection. □ 

Remark 5.5. Suppose G^ satisfies the relative McKay conjecture at the prime p, 
that is I Irrp/(G^|i?)| | lii-p,{B^\V)\ holds for all V e Irr(Z(G^)). Then, for every 
V G Irr(Z-'^), one has 

|Irrp,(G^|^)H|Irr,,(B^|^)|. 
Proof. If Ind^i*^ — then 

r 

|Iriy(G^|z.)| = ^|Irr,,(G^|?,)l 

r 

= ^|Irrp,(B^|i;fc)l 
= |Iny(B^|^.)|. 

□ 
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5.3. Central characters and automorphisms of G^. In this subsection, we 
study the action of the field automorphisms on the set of f-orbits on liip' (G^ 1 1^) . In 
fact, we consider the action of F on the set of ZJ-orbits on Irrp'(G^ for positive 
integers m and fi G Irr(Z-'^'"). The following remark will be used to parametrize 
F-stable semisimple conjugacy classes of G*''^ . 

Remark 5.6. Suppose that F and F' are Frohenius maps on G which commute. 
Let s be an F*- and F'* -stable element of G* . For a G 7?^(F*, Aq* (s)), we 
choose Qa G G* such that the class of g^^F*{ga) in H^{F* , Ag*{s)) equals a. 
Let Sa ■= daSg^^ . Then Sa S G*^ and 

Moreover, since s is F'* -stable, one has F'*{sa) = F'* {ga)sF'*{ga)~^ , implying 
that F'*{a) is equal to the class of F'*{g-^F*{ga)) = F'* {g-^)F* [F'* {go)) in 
[F* , Ag* [s)) , because F* and F'* commute. We then deduce that F'*{sa) and 
■s_F'*(a) o,re G*^ -conjugate. 

Lemma 5.7. Suppose that G is simple and d — \D\ a prime number. Let s G G*''^ 
be a semisimple element such that \Ag'{s)^ \ = d and {sa \ a G [F* ^ Ac* {s))} 
be a set of representatives for the F-rational semisimple classes corresponding to s 
as in Remark \5.6\ (we choose the notation such that si — s). Let Sa be the set of 
constituents of ps^ andva G Irr(Z^) the character satisfying (Res^F {x)i'^a )z^ 7^ 
for all X ^ Sa- Then we have Va 7^ Va' for a ^ ot' . 

Proof. Since d = \D\ is prime, we have |Ag'(s)| — jZ-^j = d; see [25j p. 166] 
and [a II.4.4]. So, |ylG-(s)'^*| = d implies ^g*(s)^' = Ag.[s). Following [H 
Subsection 8], there is a group homomorphism 

c.] :iji(F*,^G*(s))--Irr(Z^). 

Again, since d is a prime loI is an isomorphism. Hence, [U 9.14] implies VaVi"^ = 
wl{a) for all a G H^{F* , Aci*{s)). Since is injective (even bijective), the result 
follows. □ 

Lemma 5.8. Suppose that G is simple and d = \D\ a prime number. Assume that 
p is a good prime for G, and fix a positive integer m and an F-stable character 
G Irr(Z^'"). Fori(^{l,d], let 

^.,m(A*) = {Ps|sG5["l,(p„p,)GF'" =z,(Res^jr(p,),;i)z^,. ^0}, 

where 51™' is a set of representatives for the semisimple conjugacy classes ofG*^ 
Since 7/ G we have the following two cases: 

• Suppose Npmjp : Z^ Z^ is trivial. Then Ni,m{p)^ = for /i ^ Iz-f™ 
anrf7Vi,™(lzF-)^ = {p, | s G 5, F*{[s\g.f'^) = [s]g*^™ , I^g- = 1}, 
where S is a set of representatives for the semisimple classes of G*^ . 
Moreover, for fi, fi' G Irr(Z-'^"), one has \Nd,mi^^)^\ = \Nd,m{p.')^\- 

• Suppose Npm /p : ^ is surjective. Then for every fi' E lrr{Z^ ) 
and i G {l,c?}, one has \Ni,m(p)'^\ = \Ni^m{f^')^\- 

Proof Let t be a semisimple element of G*^ such that -F*([t]G*^*'") = [tlG*^*"*- 
Then one has F*([t]G*) = [t]G* and by the Lang-Steinberg theorem, [t]G* contains 
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an F*-stable element s. As in Remark \5M let {sa | a £ Aq- (s))} be 

a set of representatives for the i^*™-rational classes of s. In particular, one has 
[ijg.^.™ = [s„]g.f™ for some a £ H^F*"" , Ac (s)) . 

Suppose i = d and let C, = | )g^" = d, a e H\F*"\ Ag, (s))} . 

Therefore, Lemma ISTZl implies 

\Nd.Mr\Cs\ = 1. 

We then deduce that the number |iVrf^,„(^)^| is equal to the number of F*-stable 
geometric semisimple classes in G* whose centralizer is disconnected. In particular, 
this number does not depend on fj,. Hence, for all i^-stable fj,, fi' G Irr(Z-'^ ), one 
has 

Suppose now that i = 1. Note that if Ps £ A^i^m(/x)^, the preceding discussion 
implies that we can suppose F*{s) — s. Fix a maximal F*™-stable torus T* 
containing s and {T,9s) a pair dual to (T*,s). Since F*{s) = s, the character 6s 
of is F-stable. Moreover, Lemma 12.11 implies (because T is connected) that 
there is 6* e Irr(T^) satisfying 9^ = N*p„,^p{d). Now, if Np^/p : Z^" ^ Z^ 

is trivial, then for every z G Z^'", one has 6s{z) = 9{1) ~ 1. In particular, 

Kes 2F {Os) = Iz^") implying ps is over Iz^m. Thus ps G ^i,m(lz^"' If 
Npm/p : Z^" 7/ is surjective, then by Lemma [2?T1 there is /xq G Irr(Z^) 
such that p, = Np,„^p{po). Lemma [22] then implies that |iVi_,„(^)-'^| equals the 
number N of semisimple characters p'^ of such that the centralizer of s in G* 
is connected and (ReSzF (p^), po )z'' 0- In the proof of O 6.6], it is shown that 

for some fixed z ^ z' E H^{F, Z) not depending on po (note that the part of the 
proof of [51 6.6] which we use requires p to be good). So, TV does not depend on p 
and the result follows. □ 

5.4. Central characters and automorphisms of B^. In this subsection, we 
study the action of the field automorphisms on the set of D-orbits on liTp' (B^ . 
In fact, we consider the action of F on the set of Z?-orbits on Irrp/(B-'^ \p) for 
positive integers m and p G Irr(Z^'"). 

Lemma 5.9. Suppose that G is simple and d = \D\ is a prime number. Fix a 
positive integer m and an F-stahle character p G Irr(Z^ ). For i G let 
^im(p) of D- orbits on Irrp/(B^|/i) of size i. Then we have the following 

two cases: 

• Suppose Npm/p : Z^ 7/ is trivial. Then N[ j^{p)-^ = ^ for p ^ I^f^" 
and Af(,„(lz)^'" = {XJX4: I ^ e Irr(T^'"), F(^) = V, \Hf'\ = 1}, where 
XJ,i,-tlj is the irreducible character ofBg defined in Lemma \4^ Moreover, 
for p, p' G Irr(Z^"),^one has \N'^,MP\ - |iV^,„(M')^l- 

• Suppose Npm /p : is surjective. Then for every p, p' E lrr{Z^ ) 
audi E {l,d}, one has \Nlj^{p)^\ — \Nl^^{p')^\. 
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Proof. Recall that the set of characters XJ,3,ip for 1 < j < i = i{J) is a -D-orbit of 
Irrp'(B^ ) and 

(22) t5"" = T°/'" X ijf". 

Let Lj be the standard Levi subgroup of corresponding to J. Then thanks to 
Remark |4.3[ the group Hj is isomorphic to the component group -Z(Lj) and these 
two groups are F-equivalent. Recall that the inclusion Z C Z(L) induces an F- 
equivariant surjective homomorphism /ilj : 2,(G) Z(Lj), see [U 4.2]. Moreover, 
Z{G) = Z because G is simple. Then /ilj is the projection of Z on Hj in the direct 
product Tj = T} x Hj. Write Itvf{Hj ) for the set of i^-stable linear characters 
of Hj . Let t/" be a linear character of Tj . Then there are G Irr(T}^ ) and 
TpHj e Irr(i?J'") satisfying = ip° ® ^p^j . Let V' = "0° ^ V'^/j be such that 

Now, for /i G iJj there is z/i G Z^"^ with hi,j{zh) — h (this is a consequence of the 
fact that /iLj is surjective and Hj equals {1} or Hj). Hence, there is t £ T}-'^ 
satisfying Zh = th. Since tp{zh) = ijj'{zh), it follows 

Hence, one has 4'Hjih) = i^Hji^) for all h e Hj implying ^pHj — ^'h,- We then 
deduce from this discussion that the characters V'r; = "0° ® for V G Irr(-ff j ) have 
distinct restrictions on Z^ . 

Let N^jj^ be the set of ZJ-orbits on Irr(BQ ) of size i. Note that Remark |4?T] 
implies i = because lifj"! = |Z(L5"")| = |iJi(F™, Z(Lj))|. Then 7V(„ 

is the set of Dj^^^i for J C A with | — i and ^ G Irr(Tj ). Moreover, by 

Lemma [321 Dj^^^i is i^-stable if and only if F{J) — J and F{ip) = ip. Now, let 
i/i G Irr(Tj"") be F-stable. If we write t/j = tp" ^ as above, then F{ip°) — ip° 
and F^iJjHj) = i>Hj, implying 

A^Il = {DJ,r^v,^ e iv;,,„ I J c A, = r,rie lTTF{Hr)}- 

Suppose i — d. In particular, this impHes = d. Then for J C A and 

g rpoF" ^j^jj ^(-^o) ^ ^j^g F-stable D-orbits Dj^^o^^^^ for 77 G Irri.(i?J") 
are over distinct F-stable characters of Z^ . For all /x, fj! G Irri?(Z^ ), we deduce 

Suppose 1 = 1. Then i?j is trivial and Tj is connected. Using Lemma [2. ![ the 
i^-stable characters of Tj are the character = ^pQ o Npm.fp for any tpo G Tj. 
If Npm/p : T/ 7/ is trivial, then ^i.m(lz^'")^ = ^'\\m- In particular, for 
every 7^ Iz^™ one has 7V( ,„(/i)^ = 0. If Npm/p : — > is surjective, then 
Lemma [2?T] implies that every character \x G Irri?(Z^") has the form ^0 ° Np^jp 
for some /io G Irr(Z-'^) and 

(Res^prn (V'),Ai)zF" = (Res2F(-0o),Mo)z^- 

Note that -00 lies in 7V{ ^ because i/j is trivial. This implies \N[ „^{pL)^\ = |7V{_j(/io)|. 
Furthermore, the discussion at the beginning of the proof implies that the numbers 
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|-/V^^(/xo)l do not depend on /xq G Irr(Z^). In particular, for every G Irr(Z^) 
one has 

\K,M\ = ^\K,i\- 

Moreover, one has |iV{ ;^(^o)| = I Irrp'(B^|/io)| — d\N^j^(po)\. Using Lemma [4?7l we 
deduce that \N{ i{^o)\ does not depend on ^o, proving, for all fi, ^' G Irr_F(Z^"') 

This yields the claim. □ 

5.5. An A-equivariant bijection respecting central characters. We keep the 
above notation and suppose that Hypothesis 15.11 holds. In particular, let d be 
the order of D. For v G Irr(Z^), we write A^, for the subgroup of A defined in 
equation IpT]) . In this subsection, we will give conditions to find an ^i,-equivariant 
bijection between Irrp'(G^|z^) and Irrp' (B^|j/). 

As before, let Od,v be the set of D-orbits on Irrp'(G^|z^) and be the set of 
ZJ-orbits on Irrp'(B-'^|i^). Furthermore, for i e we define Ni{v) (resp. N[{v)) 

to be the set of -D-orbits on Irrp'(G^|i^) (resp. Irrp'(B^|z^)) of size i. 

Proposition 5.10. Suppose that (G,F) satisfies Hypothesis \5.1\ Let v e Irr(Z^). 
// there are K^-equivariant bijections fi : Ni{v) N[{v) for i G then there 

is an A^-equivariant bijection between lTrp'{G^\v) and Irrp/(B^|j/). 

Proof. We define rj : Odm O'^ ^ by rj{uj) = fi{uj) iiu E Ni[v), and 77(0;) = /d(ijj) 
if G Nd{v). Since Od,u = 'Ni{v) U Nd{v) and O'^^ ,, = N[{v) U N'^{v) and 
fi : Ni{u) N[{v) are Xiz-equivariant bijections, we deduce that 77 is a K^- 
equivariant bijection between Od,v and O'j^^. Write — {^i | i G /} (resp. Vl') 
for the set of if^-orbits on Od,u (resp. j^). For every fii e fi, we fix uoi £ fli. 
Then r?(wi) is a set of representative for fl' , because rj is an ifjy-equivariant bijection. 
If |rii| > 1, we choose any character Xuji G uji and any character xLi ^ vi^i)- 

Let 7 be a generator of the cyclic group K^. Note that 7 is the restriction of 
a Frobenius map F' : G ^ G. Now, suppose that = 1 (resp. = 1), i.e. 
uJi is fixed by 7. Recall that there is a semisimple element s of G*^ such that usi 
is the set of constituents of ps- Since F'{uji) — uJi, we deduce that s and F'*{s) 
are G*^ -conjugate. In particular. Theorem 13.61 impHes that the constituent ps,i 
of Ps is F'-stable. We put p^.i — Xun- Moreover, rj{uji) is fixed by 7. Furthermore, 
following the notation of Lemma 14. 5^ one has ri{uji) — Dj^^^k for some J C A, 

G Irr(Tj) and k G {l,d}. Using Lemma l46t F'{Dj^jp^k) = Dj,-ip,k implies 
F'(J) = J and F'{il^) = ip. Thus, the character XJ.i.V" ^ ''li'^i) is ^"-stable and we 
put x'^i = XJ,i,V- 

Let X G Irrp'(G^li^). We denote by uj its D-orbit. Then there is a unique i G / 
such that a; G fli implying there exists a unique I G N such that lo = ^'■{wi). Hence 
for every x G Irrp'(G^), there are unique i £ I , k,l £ N such that 

We define * : Irrp'(G^|i/) Irrp/(B^|j/) by setting 

^{x)^S'^F'\xU), 

where i,j,k are as above. Then ^' is an Ai,-equivariant bijection. □ 
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Recall that the characteristic p > of Fg is a good prime for G if p does not 
divide the coefficients of the highest root of the root system associated to G (see 

m P- 125]). 

Theorem 5.11. Suppose that p is a good prime for G and that {G,F) satis- 
fies Hypothesis \5.1[ We suppose the subgroup of field automorphisms of acts 
trivially on 7/ . Then for v E Irr(Z^), the sets Irrp'(G-'^|t^) and Irrp'(B^|i/) are 
A-equivalent. 

Proof. Write q = . Recall that K = (Fq) and F = Fq . For any divisor j of 
n, we put Fj = Fq and for i G {l,d}, let Nij and N^ j be the set of D-orbits on 
Irrp/(G^^) and Irrp'(B^j ), respectively. 

For i e {1, d} and j a divisor of n, let T^'"'' be a set of representatives s for the 
i^j*-stable geometric semisimple classes of G*, such that |^g*(s)^j | = i. By the 

Lang-Steinberg theorem, we can suppose that the elements of T^''^ are Fj*-stable. 
Let 

Remark 15.61 implies 

l<;;l= E \H'iF*,Ac.{s)f'\. 

Let s be in Tij. Again, by the Lang-Steinberg theorem, there is t G [s]g* satisfying 
F*{t) = t. Furthermore, j divides n implies F*{t) — t. We can then suppose that 
every s G Ti j is i^j*-stable and i^*-stable. By assumption, Fq acts trivially on Ti^ . 
For every Fj*-stable semisimple element s G G*, one has Ag*(s) — Ac,{s)^i . In 

particular, one has = T^^^ and \H^{F* ,Ag* {s)Y^ | = z for every s G Thus, 
we have 

(23) \m,\ = E \h\f;,Ag,{s))\^ E E 

By O 1.1, 6.5] and [iHl Theorem 1], the relative McKay conjecture holds for G^^ 
and G^J (here we need that p is a good prime for G). So, by Lemma [5^ for 
every ^ G Irr(Z^ ), there is a Z3-equivariant bijection between Irrp'(G^j |^) and 
Irrp'(B^j I//). So, in particular, we get 

(24) |iV,,,| = |iV;j. 

Moreover, with the notation of Lemma l4?5t for i G {1, d}, one has 

={^J,^.<I^^A, F,(V)=V}. 

Recall that Tj = Tj x Hj and Fj acts trivially on Hj (because the groups Hj 
and -Z(Lj) are Fq -equivalent, and if Hj° is non trivial, then Hj° = Hj). For 
tp G Irr(Tj'), we write = ip° rj for the decomposition of ip with respect to the 
direct product Tj' x Hp. Then Fj{^/j) = if and only if Fj{^P°) = . Put 

■ ~* -^i,Ti' I^J,tp°(B)ri,i I— > -D J,^o oAf^^/jr^ 18)77, i . 

Note that on the right hand side, the character rj is considered as an J^j -stable linear 
character of Hj. This is possible because Hj — Hj\ Since Np/p. : T}^ Tj^^ 
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induces a bijection between the linear characters of Tj ' and the F^-stable Hnear 
characters of Tj (see Lemma [2?T|) . we conclude that ipi is bijective for i G 
In particular, one has 

(25) |4^^-| = |iV^|. 
From relations ([23]), and ([Ml), we deduce 

Win\ — W'in I fo^' divisors j of n. 

Let V E Irr(Z^). Suppose that Np/p. : Z^j is surjective. Then by Lemma lSTSl 

and 15.91 the numbers |7Vi^„(i')^| and \Nlj^{iy)^\ do not depend on v. In particular, 
I^M^ I = implies 

(26) |^„,H^^|=7V(„H^^|, 

where Ni J {i') and jli') are the sets ofZJ-orbits on Irrp'(G^5 |z^) and Irrp/ (B^^ 
respectively. Suppose that Np/p. : 7/ T/^ is trivial. Using the same argument. 
Lemma [HH] and [HH imply \Ni^n(y)^^ \ = \N'^JyV)^i\. Moreover, for v ^ Izf, we 
have 

(27) 7Vi,„(z.)^^- =0 = 7Vi,„(z/)^^-. 
In particular, equation l(27|) implies 



|iVi,„(lz-)^^l = l<;l and |<„(lz-)^^l = l<^l- 

F ■ fF 

Since |-/V;^jj| = |iV^.^|, we have 

(28) l^i,n(lz-)''^l = |iVL„(lz-)^^l 

Thus, equations (|26|) . (|27l) and ((28|) imply that, for all divisors j of n and all 
J/ G Irr(Z-^), one has 

Using [m 13.23], we deduce that the sets Ni^n{y) and N[ j^{v) are X-equivalent for 
i € We conclude with Proposition 15. 101 □ 

Remark 5.12. Note that, in the proof of Theorem \5.11\ we need the assumption 
that p is a good prime for G only in order to apply the results of [S] . 



Corollary 5.13. Suppose {G,F) satisfies Hypothesis \ 5.1\ and d = 2. If p is a 
good prime for G, then for v E Irr(Z^), the sets Irrp'(G^|i^) and Irrp'(B^|:/) are 
A- 



Proof. If d = 2, then every automorphisms of G acts trivially on Z . The result 
is then as direct consequence of Theorem 15.111 □ 



6. Inductive McKay condition 

In this section, we prove our main result, Theorem ll.il Our main ingredient will 
be the equivariant bijection constructed in Corollary l5.13l The largest part of this 
section will be devoted to the verification of the cohomology condition. 
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6.1. Setup. Throughout this whole Section[6l let G be a simple simply-connected 
algebraic group defined over ¥q of characteristic p> with corresponding Frobenius 
map F such that the quotient 

X = G^/Z{G^) 

is a finite simple group and G-*^ is the universal cover of X. Let Z — Z{G) be the 
center of the algebraic group G and suppose that |Z| = 2. As in Section [2?T| we 
embed G in a connected reductive group G with an F^-rational structure obtained 
by extending F to G, such that the center of G is connected and the groups G 
and G have the same derived subgroup. We assume that p is a good prime for G. 
Fix an F-stable maximal torus T of G contained in an F-stable Borel subgroup B 
of G and write T^for the unique i^-stable torus of G containing T. Fix an F-stable 
Borel subgroup B of G containing T and B. Let U be the unipotent radical of B. 
As in Section O we put K = (Fq). Let D be the group of diagonal automorphisms 
of G^ induced by the action of G^/G^ on G^. We set 

A^G^ >iK. 

We assume that F acts trivially on the Weyl group of G. Note that our assumptions 
imply that \D\ = 2 and that G^ has no graph automorphisms. 

6.2. Extensions of characters. We assume the setup from Subsection 16.11 Fix 
v G Irr(Z^) and let ^„ : Irrp'(G-'^|t^) liip> (B^ be an yl-equivariant bijection 
from Corollary l5.13l For a D-stable character x S Iri>'(G^|z^), we define 

Gx - G^ >^ StabK(x) and G^^ = B^ x StabK($^(x)). 

Lemma 6.1. Let x G Irrp'(G^|i^) be D-stahle. Then, there is an extension of x 
to G^ and an extension of ^i,{x) to G'^. 

Proof. There is an integer i > dividing \K\ such that StabKix) = (Pq)- Let 
F' = F(5 and m = \K\/i. Then F'" = F. 

First, we show that x extends to G^. Since x is semisimple, there is a semisimple 
element s G G*^ satisfying x — Ps, where ps is defined in equation So, one 
has F'{ps) = Ps if and only if F'{s) and s are conjugate in G*''^ (see Theorem l3.6p . 
Since G^ stabilizes ps, we have Ag*{s)^ = {1}. In particular, we can suppose 
that s is F'-stable. Choose an F'-stable element s £ G*^ such that ?*(s) = s. 
Then ps is an extension of ps and F'{ps) — ps because F'{s) ='s by Theorem 13.61 
Moreover, since Stable (ps) is cyclic, ps extends to G^ and so x = ps extends to G^, 
as required. 

Next, we prove that $i/(x) extends to G^. In the notation of Lemma l4?2l we have 
^i^ix) — XJj.ip for some J C A, some positive integer j and some ip £ Irr(Tj), 
where Tj is the stabilizer of x £ U} in T as in equation l(20|) . Since XJJ,il> is 
B^-stable, it follows that i{J) — 1 and j — 1. Let Tj be the stabilizer of a; G U} 
in T and write for the irreducible character of Uj chosen for the construction 
of XJ,!,'/' in Lemma l4?2l As in equation ifTS]). we extend 0j to the characters (f>j and 
4>j of Uf XI Tj and Uf x: Tj, respectively. The groups Tj and Tj are connected. 
Then by [U 0.5], there is an F-stable torus H such that Tj — Tj x H. In particular. 
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Tf = Tf X and by [15] 6.17] 

?ieIrr(H^) 

Then we deduce 

Indg^(Xj,i,^) = 2^ XJ,i,^®v^ 

r,Glrr(H^) 

where XJ,i,^^ri is the irreducible character of B,^ constructed in Lemma [4.21 In 
particular, the characters xj,i,j/'®'? ^'"^ the extensions of Xj,i,v> to B^. Because is 
^-equi variant, we have Stabif (xj,i,^) = Stabi<-(<i>,y(x)) — Stab/f(x) ^ {F') where 
pim _ p ^j^g beginning of the proof. Since -F'(xj,i,V') = XJ,i;ip^ Lemma l4!6l 

implies F'{ip) = tp. Thus, ip = ip 1^ Ijji? is F'-stable. Hence, the character x^j^ ^ is 
an F'-stable extension of XJ,i,iA to B^. So, there is an F'-stable extension of $,y(x) 
to B^. Since G'^fB^ is cycHc, we get an extension of $i/(x) to G'^, and the proof 
is complete. □ 

6.3. Proof of Theorem II. IL We assume the setup from Subsection 16.11 As de- 
scribed in [T6| Section 10], for each irreducible character x oi a. covering group of 
X, we have to construct a group G^ satisfying certain conditions. Because has 
order 2, there is only one non-trivial covering group of X, namely S = . Instead 
of treating the faithful irreducible characters of S and the irreducible characters of 
X separately, we consider the latter as (non-faithful) characters of S and deal with 
both cases simultaneously; see also the proof of [16t (15.3)]. In case x is not faith- 
ful, all of the groups constructed in the following have to be considered "modulo 
ker(x)". 

Since has no graph automorphisms, the conjugation action of A induces the 
group of automorphisms of stabilizing U^. Fix a linear character ly S Irr(Z^). 
Then A fixes 1/, since has order 2. By Corollarv l5.13[ there is an y^-equivariant 
bijection <i>^ : Irrp'(G^|i/) Irr^/ (B^|z^). In particular, we see that the conditions 
(1),(2),(3),(4) of [l6l Section 10] are satisfied. The dictionary between our notation 
and the one in PI Section 10] is: ^ Q, B^ ^ T, $^ <^ ()* and A ^ A (more 
precisely: A corresponds to the set of automorphisms induced by the conjugation 
action of A on G^). 

Next, we construct the group G^. Fix x G trp' (G^|i^). First, suppose that x is 
not D-stable. In this case, we set 

Gx = G^ >^ Stabi^D(x) and G^^ = B^ x Stab7<c($^(x)). 

We have to verify conditions (5)-(8) of [161 Section 10]. We have C Z{G^) and 
the stabilizer of x in ^ is induced by the conjugation action of Ng^(U^). Note 
that Ng^(B^) = G^. Moreover, the group G = Cg^(G^) = Z(G^) is abelian 
and the set Irr(G|j^) contains the G^-invariant character ^ — v. Thus, conditions 
(5)-(7) are true in this case. Note that the factor groups G^/G^ and G'^fB^ are 
isomorphic to a subgroup of K and hence are cyclic. So, the cohomology groups 
H^{G^/G^, C^) and H^{G'JB^, C^) are trivial, and therefore condition (8) holds 
in this case, too. 

Now suppose that x G Ii'^p' (G^ 1 1^) is I?-stable. In this case, we set 
Gx = G^ X Stabx(x) and G^ = B^ x StabK($^(x)). 
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Again, we have to verify conditions (5)-(8) of [HI Section 10]. We have 7/ C Z{Gy^ 
and the stabiHzer of x in ^ is induced by the conjugation action of N^^ (U^). Note 
that Ng^(B^) = G'^. Moreover, the group C = Cg^(G^) = Z(G^) is abehan. So, 
conditions (5) and (6) of [l6t Section 10] are satisfied. 

By Lemma lot there exists an extension x' of x' = '^i^ix) ^ Irrp/ (B-^^l:/) to G'^. 

For abbreviation, we set M = IB^ . Since M C MG C G'^, the character Res^/p(x') 
is irreducible. Since MC is a central product, there are x'm ^ Irr(A/) and x'c ^ 
Irr(C) satisfying 

(29) Res5b(x') = XM-Xc, 

g' 

see Subsection 12.61 Furthermore, for g G M, one has ReSjy/p(x')(5) = x'{g), so 
x'm = x'- Moreover, since xm and x' are G^-stable, it follows from equation i(29|) 
that x'c G^-stable. Note that 

^^4'iM)ix') = Rest[M)(x') = x'(l) • 
Hence, equation (|29|) implies R.es2(5)(xc) = We put 

(30) 7 = x'c- 

It follows that 7 is a G^-stable and hence G^-stable element of Irr(G|j^). So, 
condition (7) of [T6t Section 10] holds in this situation. 

We choose a positive integer i dividing \K\ such that Stab_R-(x) = (Fq)- Let 
F' = and m = \K\/i. Then F'" = F. Put 

E{x) = {^e Irr(G^) | Resg^(^) = x}- 

Since the semisimple character x is F'-stable, there is an F'-stable semisimple 
element s G G*^ satisfying x — Ps- Choose an F'-stable semisimple element 
sG G*^* such that = s. Then, 

E{x) = {Pst \teZ{G*f'}. 

In particular, \E{x)\ = \ Z(G^)|. Moreover, note that pst is i^'-stable if and only if 
F'*{t) = t. In particular, one has 

|£;(x)^'| = |z(g*)^'Vp'-i- 

Put 

L(x) - e Irr(G^G) | Resg^^l^) = x}- 
Since G^'^C is a central product, every character of G^ extends to G-'^C. Now, 
using [m 6.17], one has L(x) = {(fi ^ \ £, e G^G/G^}. In particular, |L(x)| = 
|C|/2. Since x is F' -stable, we have (p = x®C G L(x)^ if and only if ^ is F'-stable. 
Because G — Z(G^), it follows that 

(31) \L{xf\ - i • I Z(G)^'| = \{p^ - 1) = \\E{xf\. 
Consider the map 

e : E{xY' ^ Lixf, d ^ Resi:c(^)- 
Note that 6 is well-defined because 

F'iei^)) = e(F'(z9)) = e(j?). 
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By [H 6.B], we know that |G^/G^C| = 2. So Clifford theory (see [HI 6.19]) and 
equation l(3T|) imply 

(32) \Q{E{xr')\>\\E{xr'\^\L{xf\. 

So, 6 is surjective. In particular, for the irreducible F'-stable character 7 G Irr(C|i^) 
defined in equation (|30|) . the character x ■ 7 (which lies in L{x)^ ) extends to an 
i^'-stable character x of G^. So, by [HI 11.22], the character x extends to G^^, 
because Stabi<-(x) is cyclic and stabilizes x- In particular, x ■ 7 extends to G^. 

So, we have shown that there is a G;;^-stable irreducible character 7 of C over ly 
such that X • 7 ^ind ^^(x) ■ 7 extend to extend to G^ and Ng^(M), respectively. 
Then, by [HI 11-7] we have 

iX-lh^/CC = [*1'(X) ■7]NG^(Af)/MC- 

Thus, condition (8) of [l6t Section 10] is satisfied, too. Hence, X is "good" for p 
and the proof of Theorem 11.11 is complete. □ 

Remark 6.2. The following can be said about those finite simple groups of type 
Bm, Cm or Ej which are not included in Corollary \1.2\ 

(a) By [4j Remark 2] and [5], all simple groups i3,„(2") (isomorphic to Cm{'2'"') ) 
are "good" for the defining characteristic p — 2. 

(b) Theorem 5 m [4] implies that all simple groups i?7(2") are "good" for p — 2. 

(c) Our methods were not sufficient to show that the simple groups i?7(3") are 
"good" for p — 3. By Remark \5.12\ it is enough to prove that the following 
properties hold. First, the group (here, G denotes a simple simply- 
connected group of type E-j defined over a finite field of characteristic 3 and 
F denotes the corresponding Frobenius map) satisfies the relative McKay 
conjecture at the prime p = 3. Second, the number of semisimple characters 
Ps of lying over v G Irr(Z(G^)) and such that the group Cq.f* (s) is 
connected, does not depend on v. 
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